Lecture 05 - Time integration
SSP and symplectic methods

Georgii Oblapenko

1 Objectives
In this lecture, we will learn about advanced methods for solving time-dependent PDEs and ODEs. In
particular, we will be discussing

1. Stability
2. Monotonicity
3. “Structure” preservation

2 ODEs: why?

Want to solve ODE

d% flu,t), weR" t>0, u(0)=ul.

ODEs come from

o direct description of system (i.e. biology, chemical reactors)
o semi-discretization of system (i.e. u — vector of cell values from a FVM discretization, RHS are

the fluxes + sources)

1 Note

Method of lines: discretize in space, solve in time. Take PDE

Oyu(z,t) +Z@a u(z,t) = f(u(z,t),t),

discretize in space (FD/FVM/FEM/DG): u(z;,t) = u,(t), discretize operators in terms of {u;},
obtain ODEs
Jyu+ Au(t) = f(t).




2.1 PDE discretization - remark

I Alternatives to Method of Lines

Are all discretizations of time-dependent PDEs in time done via Method of Lines?

Lax-Wendroff: couples time and space discretization. For linear advection

agAt

ou+agd,u=0,C = A

" n C n n ¢ n
W =) b (L Oy o+ (L= O — (L4 Oy,

2.2 ODE solvers: computational cost
2.3 ODE solvers: accuracy

Example 1: you want to model a system of chemical reactions. Which method would you choose?

1. Method with O(At?) error, but still might lead to negative densities
2. Method with O(At?) error, but preserves non-negativity of densities

Example 2: you want to model a system of particles. Which method would you choose?

1. Method with O(At*) error, but does not conserve energy
2. Method with (At?) error, but conserves energy

We therefore will focus on different (not all!) notions of error/accuracy and talk about some problem-
specific methods.

3 Recap of some standard methods
Let’s recall some textbook methods first.
t, =nAt, u"=u(t,).

3.1 Forward Euler

Simplest approach:
u™ =y + Atf(un, ")

o Properties?

O(At) error; what else?




3.2 RK4

kl = Atf(un7tn)v
1 1
ky = Atf(u" + Sky " + SA),
1 1
k4 = Atf(un + k3, tnAt),

1 1 1 1
u™tt =" + glﬁ + §k2 + §k3 + 6k4

@ Properties?

O((At)*) error; what else?

4 Stability, monotonicity

Let’s discuss stability and monotonicity. These are not identical properties!

4.1 Stability

Linear analysis:

/

w = —au, a € C, Re(a) > 0 = u(t) = uye .

Expect numerically for a : Re(a) < 0:

lim v"™ =0
n—oo

I.e. solution does not “blow up”.

1 Stability

For forward Euler: At < %

4.2 Monotonicity
u(t) = uge™ ity >ty = |ulty)| > |u(ty)]

Expect numerically:
u] < Ju
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1 Monotonicity

For forward Euler: At < X

Example where monotonicity may be desirable:

u= (papvlapUQ’pe)a

if p or pe become negative - solver might crash or produce meaningless results!

1 Generalized stability /monotonicity

Consider G(u™) instead of |u™|, where G is a 1) norm 2) semi-norm or 3) convex functional

4.3 Numerical example

v =—au, a >0, u(0) = ug

i Note

For forward Euler: Monotonicity: At < é, stability: At < %

import numpy as np
from matplotlib import pyplot as plt

def forward_euler(alpha, u0, times):
u = np.zeros(len(times))
ul[0] = u0
for (i, t) in enumerate(times([1:]):
uli+1] = uli] + (times[i+1] - times[i]) * (-alpha * u[i])
return u

fig, ax = plt.subplots(figsize=(6.5, 4.2))

u0 = 2.0

alpha 10.0
times = np.linspace(0, 1, 100)

times_fel = np.linspace(0, 1, 5)
dtl = times_fel[1l] - times_fel[0]

times_fe2 = np.linspace(0, 1, 10)
dt2 = times_fe2[1] - times_fe2[0]

times_fe3 = np.linspace(0, 1, 12)
dt3 = times fe3[1] - times_fe3[0]
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r"$\Delta t3$"
r"$1/\alphas"
r"$2/\alphag"

.plot(times, u0 * np.exp(-alpha * times),

'k-', label=f"Analytical")

.plot(times_fel, forward_euler(alpha, u0, times_fel),
color="'tab:red', label=f"F.E. ({dts} = {dt1l:.3f}; {tas} = {2.0/alpha:.2f})")
.plot(times_fe2, forward_euler(alpha, u0, times_fe2),
color='tab:purple', label=f"F.E. ({dts} = {dt2:.3f}; {oas} = {1.0/alpha:.2f})")
.plot(times_fe3, forward_euler(alpha, u0, times_fe3),

color='tab:blue',
label=f"F.E.

({dts} = {dt3:.3f}H)")

.legend(fontsize=12)

set_xlabel("t", fontsize=10)

.set_ylabel("u"
.tick_params(axis='both', labelsize=8)

u", fontsize=10)

ax.set_yscale("log")

plt

.show ()
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Figure 1: Euler’s method for du/dt = —au

4.4 Region of absolute stability

Re-write discretization of ODE (—a — A)




' (t) = M, u™ = ROAt)u™ L

R(z),z € C is called the stability function.

Region of absolute stability:
§={z€C||R(%)| < 1}

4.5 Region of absolute stability: examples

Forward Euler:
R(z)=1+=z

Backward (implicit Euler):

1

u"t = u" + ANty = R(z) =
1+2

RK4:

1 1 1
R(z)zl—kz—f—izZ—f—ﬁzS—f—az‘L

5 SSPRK methods

Strong stability-preserving (Total Variation Diminishing) Runge-Kutta methods:

 ensure strong stability /monotonicity of solutions and have higher order than forward Euler:
[lu" 1] < [|u™|| (or a generalized G(u)) for all n
o usually written as convex combination of forward Euler steps

5.1 SSPRK methods: formulation

An m-stage method for v’ = f(u) is written as (Shu-Osher form)

ul® =y,

1
(oziju(j) + At,@ijf(u@)) , i=1.,m5 o >0,

i

0@

<.
Il
[e)

untl = u(m) .



5.2 Theorem

i Theorem

If ||u™]| < ||u™]| in the forward Euler method with At < App, then the SSPRK method is
stable for At < cggpApg.

oy

Bij

o Most research focused on finding SSPRK methods with largest cggp

e App - depends on spatial discretization, cqgp - on time-stepping scheme

» cggp is called the SSP coefficient, cggp = min

5.3 SSPRK examples

SSPRK2:
ut) =™ + Atf(u™),

1 1 1
(n+1) _ Z,n -, (1) ZA (1) .
U = 2u + 2u + 5 tf(ul)

SSPRKS3:
u) =™ + Atf(u™),

3 1 1
2 = Zyr 4+ 2o £ ZA 1)
u 24 +4u +4 tf(ul),

1 2 2

5.4 SSP coefficient, effective CFL

[ .
1 Question

What does cggp = 1 (for example, SSPRK3) mean?

Makes more sense to talk about effective CFL: c.;; = cggp/k, k - number of evaluations of RHS.
For example, SSPRK3 has c.;; = 1/3 (but third-order convergence!).

I Stability vs. monotonicity vs. accuracy
SSPRK methods may have same restrictions on At to achieve monotonicity, but

e are more accurate
e have a larger stability region (monotone # stable!)




6 Stability for oscillatory problems

Consider harmonic oscillator

i U\ _ Uy
dt \uy) — \—w?u,

(i) = (250 = ()

Analytical solution:

6.1 Forward Euler

Energy is given by
E = (w?u? 4+ u3)/2

and is conserved for the analytical solution.

1 Energy blow-up

+ w2AL?) (w? (u})? + (uh)?). Eigenvalues of

For forward Euler we can show that E"*1 = (1
+iw) and do not lie in stability region of forward

harmonic oscillator system are purely imaginary
FEuler.

(

6.2 Forward Euler: analysis

Let’s write the forward Euler scheme as a matrix equation

n+1 n
uy _ 1 AtY (ul)
(- (o ) () o

1 Determinant of .J

Note that det(J) = (1 + w?At?) is exactly the energy growth factor!

Re-write integration step via growth factor ~:

n+l __ n n+l __ n 7_1 —At U? _ 0
LT e = = (w%t y—1)\uz) = \o

(] 5
1 Exercise

Non-trivial solution = det(LHS) = 0; can show that |y| > 1, i.e. method is unstable.

6.3 Example - harmonic oscillator
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t_max
omega
times

def forward_euler_generic(rhs, u0O, times, omega):

u = np.zeros((len(times), len(u0)))
ul0,:] = u0
for (i, t) in enumerate(times[1:]):

uli+l,:] = uli,:] + (times[i+1] - times[i]) * rhs(ul[i,:], omega)

return u

ssprk22_generic(rhs, u0, times, omega):
u = np.zeros((len(times), len(u0)))
ul0,:] = uo

for (i, t) in enumerate(times[1:]):

u_l = uli,:] + (times[i+1] - times[i]) * rhs(uli,:], omega)
uli+1,:] = 0.5 * uli,:J+ 0.5 * u_1 + 0.5 * (times[i+1] - times[i]) * rhs(u_1, omega)

return u

rk2_generic(rhs, u0, times, omega):
# Ralston's method

u = np.zeros((len(times), len(u0)))
ul0,:] = uo

for (i, t) in enumerate(times[1:]):

dt = (times[i+1] - times[i])
k1 = rhs(uli,:], omega)
k2 = rhs(uli,:] + 0.75 * k1 % dt, omega)

uli+1,:] = uli,:] + dt * (0.25 * k1 + 0.75 * k2)

return u

harmonic_rhs(u, omega):
return np.array([ul[l], -omega**2 * u[0]])

energy(u, omega):

return 0.5 * (ul:,1]1**2 + omega**2 * ul[:,0]**2)

fig, axes = plt.subplots(figsize=(12.0, 4.2), ncols=2)

axes[0]
= axes[1]

5.0
3.0
np.linspace(0, t_max, 100)

= [0.5, 0.5]

analytical = np.array([u0[0] * np.cos(omega * times) + (uO[0]/omega) * np.sin(omega * times),
-u0[0] * omega * np.sin(omega * times) + uO[0] * np.cos(omega * times)]

times_fel = np.linspace(0, t_max, 100)

= times_fel[1] - times_fel[0]
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sol_fel = forward_euler_generic(harmonic_rhs, u0, times_fel, omega)

times_fe2 = np.linspace(0, t_max, 400)
dt2 = times_fe2[1] - times_fe2[0]
sol_fe2 = forward_euler_generic(harmonic_rhs, u0, times_fe2, omega)

times_ssprk2 = np.linspace(0, t_max, 80)
dt3 = times_ssprk2[1] - times_ssprk2[0]
sol_ssprk2 = ssprk22_generic(harmonic_rhs, u0, times_ssprk2, omega)

times_rk2 = np.linspace(0, t_max, 80)

dt4 = times_rk2[1] - times_rk2[0]
sol_rk2 = rk2_generic(harmonic_rhs, u0, times_rk2, omega)

ax.plot(sol_fel[:,0], sol_fell:,1],
color='tab:red', label=f"F.E. dt = {dt1:.3f}")

ax.plot(sol_fe2[:,0], sol_fe2[:,1],

color='tab:purple', label=f"F.E. dt = {dt2:.3f}")
ax.plot(sol_ssprk2[:,0], sol_ssprk2[:,1],
color='tab:blue', label=f"SSPRK2 dt = {dt3:.3f}")

ax.plot(sol_rk2[:,0], sol_rk2[:,1],
color='tab:green', label=f"RK2 dt = {dt4:.3f}")

ax.plot(analyticall[:,0], analyticall:,1],
'k-', label=f"Analytical")

ax_e.plot(times, energy(analytical, omega), 'k')
ax_e.plot(times_fel, energy(sol_fel, omega), 'tab:red')
ax_e.plot(times_fe2, energy(sol_fe2, omega), 'tab:purple')
ax_e.plot(times_ssprk2, energy(sol_ssprk2, omega), 'tab:blue')
ax_e.plot(times_rk2, energy(sol_rk2, omega), 'tab:green')

ax.legend(fontsize=12)
ax.set_xlabel("x(t)", fontsize=10)
ax.set_ylabel("v(t)", fontsize=10)
ax.tick_params(axis='both', labelsize=8)

print(f"dE F.E. (dt={dtl:.3f}) at t={t_max}: {(energy(analytical, omega)[-1] - energy(sol_fel,
print(f"dE F.E. (dt={dt2:.3f}) at t={t_max}: {(energy(analytical, omega)[-1] - energy(sol_fe2,
print (f"dE SSPRK2 (dt={dt3:.3f}) at t={t_max}: {(energy(analytical, omega)[-1] - energy(sol_ss
print (f"dE RK2 (dt={dt4:.3f}) at t={t_max}: {(energy(analytical, omega) [-1] - energy(sol_rk2,

ax_e.set_yscale("log")
plt.show()

10



dE F.E. (dt=0.051) at t=5.0: -1.057e+01
dE F.E. (dt=0.013) at t=5.0: -9.460e-01
dE SSPRK2 (dt=0.063) at t=5.0: -3.250e-02
dE RK2 (dt=0.063) at t=5.0: 3.461e-01

41
10! 1
2
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s
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Figure 2: Harmonic oscillator phase space (left) and energy (right), omega=3

@ Question

Why does SSPRK2 still cause a growth of energy?

7 Stiffness

We don’t go into detail about stiff ODEs in this lecture, but still mention some definitions.

e Definition 1 Step size required for stability is much smaller than the step size required for
accuracy

e Definition 2 Computational cost of an explicit method becomes larger than that of an implicit
one

Arise in biology, chemistry, low-Mach number compressible flows.

8 Symplectic integrators

Consider ODE system given by

dg; _ _OH —dp; _OH
dt — 9dp,’ dt  Og;’

where H is the Hamiltonian of the system.

e Why do are we interested in specific methods for such systems?
e What can these systems describe?

11



1 Naming

g; are called “generalized coordinates”, p, - “generalized momenta”

8.1 Example: interacting particles
11
H =-=> PP+ — 4
(pa)=5— i pz+i<j Vla; — g5),

V' - interaction potential. Examples: gravity, electrostatic potential (both V(r) are proportional to
1/r). Potential gives force:

@ Hamiltonian of interacting particles?

What does Hamiltonian resemble?

Hamiltonian is kinetic 4+ potential energy! Time integration of particle movement should conserve
total energy.

8.2 First integrals

Cosider the system

dy
a = f(y).

I(y) is called a first integral of a system, if

ar

dl
a @f(y) =0.

1 H as first integral

The Hamiltonian is a first integral of a Hamiltonian system!

8.3 Symplectic integrators

Define mapping :

Y (q(t),p(t) — (a(t + Atp), p(t + At))

Theorem Symplectic iff.

oo (& ) wu= (2 5.

D1 is the Jacobi matrix of the mapping () - “canonical transformation”.).

12



8.4 Phase space volume-preserving integrators

A weaker condition: u(¢(8)) = u(S), where p is a measure (volume). This implies that the Jacobi
matrix Dy has determinant 1.

What does this give?

» Ensures no spurious sources/sinks/attractors
e Ensures that time-averaging remains equivalent to ensemble averaging for a certain class of
systems (ergodic systems): important for particle methods!

1 Difference between symplectic and volume-preserving mappings:

The non-squeezing theorem explains the difference nicely and shows that symplecticity is a
stronger condition.

8.5 Leapfrog integrator

If H(p,q) =T(p) + V(q) (separable Hamiltonian), then we can integrate with leapfrog:

pn+1/2 — pn71/2 _ AtVV(q”),
qn+1 =q" + AtVT(p”+1/2),

Leapfrog is symplectic and has error O((At)?).

[J . .
1 Harmonic oscillator

One can show that stability for harmonic oscillator requires At < 2/w; this can be done using the

growth factor analysis (keeping in mind that a step of At/2 corresponds to a growth factor of /5

n+1/2 1/

e n—1/2 .
and re-writing u, and u, in terms of ul).

8.6 Verlet integrator
What if we need q, p at the same point in time?

At
pn - 7vv(qn)a

pn+l/2 —

qn+1 — qn + AtVT(p"H/Q),

At
7vv(qn+1)’

pn+1 —_ pn+1/2 _

1 Naming

Often this is called “Leapfrog in kick-drift-kick” form or “Stérmer-Verlet”.

13
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8.7 Example - harmonic oscillator revisited

def verlet_generic(rhs, u0, times, omega)
u = np.zeros((len(times), len(u0)))
ul0,:] = uo
for (i, t) in enumerate(times([1:]):
dt = (times[i+1] - times[i])

p_hs = uli,1] + 0.5 * dt * rhs(uli,:], omega) [1]

uli+1,0] = ul[i,0] + dt * p_hs
uli+1,1]
return u

p_hs + 0.5 * dt * rhs(ul[i+1,:], omega) [1]

fig, axes = plt.subplots(figsize=(12.0, 4.2), ncols=2)

ax = axes[0]
ax_e = axes[1]

times_verlet = np.linspace(0, t_max, 20)
dts = times_verlet[1] - times_verlet[0]

sol_verlet = verlet_generic(harmonic_rhs, u0, times_verlet, omega)
sol_ssprk2_new = ssprk22_generic(harmonic_rhs, u0, times_verlet, omega)

ax.plot(sol_fe2[:,0], sol_fe2[:,1],

color='tab:purple', label=f"F.E. dt

ax.plot(sol_ssprk2[:,0], sol_ssprk2[:,1],

color="'tab:blue', label=f"SSPRK2 dt

{dt2:.3f}")

{dt3:.3f}")

# ax.plot(sol_ssprk2 newl[:,0], sol_ssprk2_new[:,1],

# color='tab:orange', label=f"SSPRK2 dt = {dt5:.3f}")

ax.plot(sol_verlet[:,0], sol_verlet[:,1],

color="'tab:red', label=f"Verlet dt

ax.plot(analyticall[:,0], analyticall:,1],
'k-', label=f"Analytical")

{dt5:.3f}; 2/omega={2/omega:.3f}")

ax_e.plot(times, energy(analytical, omega), 'k')
ax_e.plot(times_fe2, energy(sol_fe2, omega), 'tab:purple')

ax_e.plot(times_ssprk2, energy(sol_ssprk2, omega), 'tab:blue')
'tab:orange')

# ax_e.plot(times_verlet, energy(sol_ssprk2_new, omega),

ax_e.plot(times_verlet, energy(sol_verlet, omega), 'tab:red')

ax.legend(fontsize=12, loc="upper right")
ax.set_xlabel("x(t)", fontsize=10)
ax.set_ylabel("v(t)", fontsize=10)
ax.tick_params(axis='both', labelsize=8)

14
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print(£f"dE F.E. (dt={dt2:.3f}) at t={t_max}: {(energy(analytical, omega)[-1] - energy(sol_fe2,
print (f"dE SSPRK2 (dt={dt3:.3f}) at t={t_max}: {(energy(analytical, omega)[-1] - energy(sol_ss
print (f"dE SSPRK2 (dt={dt5:.3f}) at t={t_max}: {(energy(analytical, omega)[-1] - energy(sol_ss
print (f"dE Verlet (dt={dt5:.3f}) at t={t_max}: {(energy(analytical, omega)[-1] - energy(sol_ve

# ax_e.set_yscale("log")
plt.show()

dE F.E. (dt=0.013) at t=5.0: -9.460e-01

dE SSPRK2 (dt=0.063) at t=5.0: -3.250e-02
dE SSPRK2 (dt=0.263) at t=5.0: -6.023e+00
dE Verlet (dt=0.263) at t=5.0: 4.697e-02

207 —— FE.dt=0.013 2.2
15 —— SSPRK2 dt = 0.063
—— Verlet dt = 0.263; 2/omega=0.667 2.0 7
104 Analytical
05 - 1.8
E 0.0 4
s 1.6
o5 |
ol 1.4 1
-1.5 12 4 \/ \/ i =
06 04 02 00 02 04 06 0 1 M 3 a 5
x(t)
Figure 3: Harmonic oscillator phase space (left) and energy (right), omega=3
9 Code
« DifferentialEquations.jl - huge amount of methods available
o Comparison of various methods (2019!!!) (see also summary table)
10 Summary

Methods not covered in this lecture but also useful/actively developed:
o IMEX (IMplicit/EXplicit): separate RHS into stiff and non-stiff parts, treat them implicitly and
explicitly, respectively.

— “Implicit-explicit Runge-Kutta methods for time-dependent partial differential equations”,
Ascher, Ruth et al.

— “Additive Runge—Kutta schemes for convection—diffusion-reaction equations”, Kennedy &
Carpenter

« MPRK (Modified Patankar Runge-Kutta) for production-destruction systems. Ensure non-
negativity of densities.

15


https://docs.sciml.ai/DiffEqDocs/stable/
https://www.stochasticlifestyle.com/comparison-differential-equation-solver-suites-matlab-r-julia-python-c-fortran
https://www.stochasticlifestyle.com/wp-content/uploads/2019/11/de_solver_software_comparsion.pdf
https://doi.org/10.1016/S0168-9274(97)00056-1
https://doi.org/10.1016/S0168-9274(97)00056-1
https://ntrs.nasa.gov/api/citations/20160005923/downloads/20160005923.pdf
https://ntrs.nasa.gov/api/citations/20160005923/downloads/20160005923.pdf

— “On order conditions for modified Patankar—Runge—Kutta schemes”, Kopecz & Meister
— Implementation available in Positivelntegrators.jl

o Explicit integrators for particles with velocity-dependent force terms (for example, Lorentz force)

— “On the Boris solver in particle-in-cell simulation”, Zenitani & Umeda

10.1 Exercises

1. Derive the stability polynomial R(z) for the RK4 method

2. Prove the SSP property of a method in Shu-Osher form (hint: use the TVD property of forward
Euler, the triangle inequality and look at the definition of cggp)

3. Derive energy growth rate for SSPRK2 for the harmonic oscillator

Show that forward Euler is always unstable for the harmonic oscillator via growth factor analysis

5. Show that the forward Euler method is not a symplectic method

e~

10.2 Questions

1. What is the difference between monotonicity and stability of a method?

2. Why are implicit methods oftentimes more computationally expensive?

3. What is the difference between a symplectic and a phase space volume-preserving integrator?
Which condition is stronger? Why?

4. What two formulations of explicit symplectic integrators do you know and what is the difference
between them?
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